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Light Scattering from Wormlike Chains. Determination of the 
Shift Factor 

Hiromi Yamakawa* and Motoharu Fujii 

Department of Polymer Chemistry, Kyoto Uniuersity, Kyoto, Japan. Receiced A p r i l  8, 1974 

ABSTRACT: The light-scattering form factor of wormlike chains without excluded volume is evaluated by the 
use of the  Hermite polynomial expansion of the distribution function. The  good convergence is obtained in the 
practically important range by taking account of the moments  (RZm) with m = 1-11. Evaluation of the latter is 
carried out  by the operational method. T h e  final results are obtained only numerically by the use of a digital 
computer. A method of determining the shift factor M L  and the Kuhn  segment length X - l  from light-scattering 
da ta  is proposed. I t  is applied to  DNA. The estimates of these parameters are then found to be in good agreement 
with those obi ained previously from a comparison of viscosity and sedimentation. 

In a previous paper,l a method on the assumption of a 
continuous wormlike model for stiff-chain macromolecules 
has been proposed for the determination of the shift factor 
M L ,  as defined as the molecular weight per unit contour 
length, and of the Kuhn segment length A - l  from a com- 
parison of viscosity and sedimentation. The object of the 
present paper is to present a similar method of determin- 
ing the same parameters from light-scattering measure- 
ments alone. I t  requires the light-scattering form factor 
P(0) .  

For the wormlike chain, only approximate expressions 
for P(0)  have been derived by Peterlin,2 Benoit and D ~ t y , ~  
Hearst and Harris,4 :Sharp and B l ~ o m f i e l d , ~  and many 
others; a complete list of the literature is found else- 
where.6 Some of them are very poor in the typical stiff- 
chain region, and cannot be used to obtain correct esti- 
mates of the parameters. In particular, there is a contro- 
versy about the light-scattering estimate of the Kuhn seg- 
ment length of and it should be reexamined. 
Therefore, our first problem is to evaluate P(0)  exactly. 

If all lengths are measured in units of A-1,  the scatter- 
ing factor for the chain of contour length L and without 
excluded volume is given by 

L 
P(0) = 2 L - 2 s  ( L  - t ) l ( k ; t ) d t  (1) 

where I(k;t)  is the characteristic function, or the Fourier 
transform of the distribution function of the end-to-end 

distance R, for the chain of contour length t, and k is the 
scattering vector, whose magnitude is 

k = (4x/X’)  sin ( e l 2 1  ( 2 )  

with 0 the scattering angle and A ’  the (reduced) wave- 
length of light in the solution. Peterlin2 has adopted the 
Gaussian approximation to I (k ; t ) .  It is equivalent to ap- 
proximating the distribution function by the leading term 
of its Hermite polynomial expansion of the Kagai-Jerni- 
gan-Flory type1°-13 with the exact moments ( R Z m ) .  Benoit 
and Doty3 have used the first two terms of the moment 
expansion of I ( k ; t ) ,  including only ( R Z )  and (R4).  In this 
paper, we extend the first of these two lines to include as 
many higher moments as possible, since the convergence 
of the second is poorer. This is done by an application of 
the operational method developed previously by Yamaka- 
wa13 and simplified further here, the involved operation 
and calculations being carried out by t h e  use of a digital 
computer. We note that the other approaches cited above 
are difficult to improve from the point of view of succes- 
sive approximations. 

The method of calculation and the results are summa- 
rized in sections I and 11. In section 111, we discuss the de- 
termination of the mean-square radius (S2) of the chain 
and propose a method of determining M L  and X on the 
basis of our P(0)  curves. In section IV, the proposed meth- 
od is applied to DNA. 
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I. Basic Equations 

written in the formlo-12 
The Hermite polynomial expansion of Z(k;t) may be 

with e k  the unit vector in the direction of k. We then have 

where 

go = 1 

gj  = 0 

Now we consider the characteristic function I(klq;t)  
when the unit vector uo tangential to the chain a t  its ini- 
tial end is fixed. From the coefficients of its moment ex- 
pansion, we can obtain the moments ( ( R . U ~ ) " ) . ~ ~  The re- 
sult is given by eq 50 of ref 13, which may be rewritten as 

IO- p1 

with CPo = C," with u L  = 0 for all i (1 5 i 5 n). It is de- 
fined by the operator equation 

(6) 

( 7 )  

and a u o ( p  = kl) are the creation and annihilation opera- 
tors which operate on f l 0  in such a way that 

(8) 

0 0  CPO = (f,o)-'a,, a,,-, '.. au20ay,0fo0 

f i n  = [(21+1)/4a1"2 exp[-l(l + l ) t ]  

where 

a p " f i o  = Ai + (1 zjip - I ?  f/ + yo 

Aio =(1+1)[(21+1X21+3)1 "' (9)  

with 

rO,,,p(t) is the sum of the residues of the function 
Q ( z )  

with 

11 = 2 pclr >O (lo = 0,11 = 5 1, = p )  (11) 
,=I 

The second sum in eq 5 is taken over all possible paths 
(0112...ln-lp) from 0 to p in an (i, l,)-plane, each cor- 
responding to one of the "stone-fence'' diagrams. 

The characteristic function I (k ; t )  may be obtained by 
integration of the operational expression for I(kl uo; t )  over 
UO, and then only the paths (0 - 0) contribute. Compari- 
son of the result with the moment expansion of I (k; t )  
leads to eq 51 of ref 13 for ( R 2 m ) .  Alternatively, a much 
simpler expression for (R2") may now be derived. We in- 
troduce the inverse Fourier transforms G(R;t) and 
G(Rluo;t) of I(k;t) and I(kluo;t), respectively, and also 
the integral operators P and PI 

P = JdR 

where ( ( R . U O ) ~ ~ )  is given by eq 5 with n = 2m. If we take 
the averages of both sides of eq 13 over uo with ek fixed, 
the operator P1-I becomes P-l  and then only the paths (0 - 0) contribute, so that 

(2m)!P-' 1 ro ... ,(t)CP0 = (R.e#"G(R;t) (14) 
paths  
10-0) 

Thus, recalling that 

we obtain 

(1?*")=(2m + 111 C r, .., o ( t ) ~ , o  (16) 

For a given path ( 0  - 0) of 2m steps, p is determined 

paths 
10-0) 

uniquely, and CUo in eq 16 is found to be 

with 

p ,  = 1 

= -1 (18) 

The function Q ( z )  is also determined uniquely, and eq 10 
may be rewritten in the form 

~ ( z )  =et ' / ?  [ z + j ( j + 1 ) 1 ~ '  ( 19) 
/ = o  

where p ,  is the number of the factors with I ,  = j in the de- 
nominator of eq 10. The formula for residues then gives 

P 5 0  

Finally, (R2m) may be written in the form 

(p)=f 2 A, ,  m l l t i  le-) /+11 t  (21) 
, = o  ,=, 

where A,,("' are numerical constants independent of t 
and may be expressed in terms of c,O and p,, the result 
being omitted. Substitution of eq 21 into eq 3 completes 
the Hermite expansion of I(k;t). The integral over t in eq 
1 requires numerical evaluation by a computer. 

11. Computer Calculations and Results 
Our first problem is to calculate the coefficients A,,'"'. 

It consists of generating all possible paths (0 + O ) ,  fol- 
lowed by a calculation of CPo and a determination of p,. 
This has been done on a FACOM 230-75 digital computer 
with a double precision of 61 binary bits a t  this Universi- 
ty .  One of the possible paths may be represented by a set 
of p = p ~ ,  p z , . . . ,  p z m  (p] = *I), and vice versa, in 
which the numbers of +1 and -1 are the same and equal 
to m All possible paths (0 - 0) may be generated by per- 
mutation of 2m p,'s subject to the condition given by eq 
11, the number of them being (2m)!/m!(n + l)!. Suppose 
that 2m p,'s are distributed one by one in 2m memory 
boxes. If the nth +1 is in the a,th memory box, the 
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above condition is equivalent to 

an-1 < an I 2n - 1 ( 2  5 n 5 m) ( 22) 

with a1 = 1. The coiitributions of the two path diagrams 
symmetric with respect to the vertical center line are the 
same, and the number of paths to be actually generated 
may be greatly reduced. For a given p,  the calculation of 
C,O from eq 17 is straightforward. For a given path, p ,  (0 
i j i m )  may be determined by taking ( m  + 1) memory 
boxes to enter +1 into the j t h  one if l i  = j (0 5 i i 2m),  
the final number of 4-1's in it being equal to p,. The cal- 
culation may be further facilitated by utilizing the fact 
that many different paths lead to the same set of PO, p1, 
p2, ..., p m ,  and the number of different sets of the lat- 
ter is only 2m-1 for a given m. The actual calculation of 
Ai , 'm)  has been carried out only for m 5 11; this range of 
m has been determinled from the point of view of its accu- 
racy and necessity, as discussed below. The whole calcula- 
tion from m = 1 to n;! = 6 has been finished in less than 2 
min, and the case of m = 11 has taken about 8 min. 

For m = 1, 2 ,  and 3, the exact values of A,,(m' can be 
obtained from the analytical solutions for (R2m).14-16 Thus 
our computer values have been found to agree with the 
exact values to the 1'7th figure. This indicates the accura- 
cy and also the correctness of the complicated program- 
ming. For 4 5 m i 111, the accuracy may be examined in 
the following way. For t << 1, (R2m) may be expanded in 
powers of t  

n =O 

with'- 
an = 0 for 0 5 n 5 2 m - 1  

= 1  for n = 2m 
=-2m/3 for n = 2m + I  (24) 

Now, an may be expressed in terms of A , , ( m  , as seen from 
eq 21 and 23, and we have found that  the value an' of an 
calculated from the computer values of A , , ' m '  satisfies the 
inequality 

lan' -a,/ < 10-10~a,'~ f o r O < n 5 2 m + 1  ( W )  

Our computer values of A , , ' m 1  may therefore be regarded 
as correct a t  least to the 10th figure. We note that they 
are more accurate for smaller m. Further, although ( E Z m )  
must vanish at  t = 0, this relation does not exactly hold 
with the computer values; e g., (R14) = O(10-lo), (RIs) = 
0(10-6), and (P) = at t = 0. Thus, the accuracy 
decreases with increasing m, especially a t  small t .  In this 
connection, we note that Nagai18 has obtained numerical 
values of ( R Z m )  as.a function of t for m 5 20 from the re- 
currence formula of Hermans and Ullman14 by the use of 
a computer. His results for m i 6 are in good agreement 
with ours ( to  order for all values of t, but for higher 
m are much less accurate a t  small t .  

The integration over t in eq 1 has been carried out using 
24-points and 16-poinls Gaussian quadratures for 20 i L 
5 100 and L < 20, respectively. These numbers of divi- 
sions have been determined to give the required accuracy 
such that the calculated values of P(0) are correct to the 
fifth figure. Now, h2 is less than about 10 for typical stiff 
chains. Therefore, the convergence of the expansion of 
P(0) is necessary and sufficient in this range of k2 for all 
values of L, assuming the required accuracy above. We have 
found that this condition may be satisfied by taking into 
account all moments for m i 11. The convergence is bet- 
ter for smaller L 

20------- 

1 

Q) 

7- 1 
a 

I I 

0 10  20 30 
k2(S2) 

Figure 1 .  Values of P-'(@) plotted against k 2 ( S 2 ) .  The numbers  
attached to  the curves indicate the values of L. 

7 -  

1 i /  
0 5 10 1 5  

k2(S2)  

Figure 2. Values of P-l(O) in the range of small k 2 ( S 2 ) .  Broken 
curve P represents the values calculated from the leading term of 
the Hermite polynomial expansion, and chain curve SB repre- 
sents the values calculated from the equation of Sharp  and 
B l ~ o m f i e l d . ~  T h e  numbers  attached to  the curves indicate the 
values ofL. 

Figure 1 shows calculated values of P- l (S )  as a function 
of k 2 ( S 2 )  for various values of L, where ( S 2 )  is the mean- 
square radius of the chain of contour length L and is given 
by3 

The numbers attached to the curves indicate the values of 
L;  the coil (a) and rod (0) limiting  value^^^^^ are also in- 
cluded. The curves are drawn only in the range of conver- 
gence. The domain of small k 2 ( S 2 )  is enlarged in Figure 2. 
Broken curve P(5) represents the values calculated from 
the leading term of the Hermite polynomial expansion for 
L = 5 ,  which are slightly different from Peterlin's original 
values2 obtained by interpolation from those at  L 1 12.5 
and L = 0. Chain curve SB(5) represents the correspond- 
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Table I 
Values of P(0)  as a Function of K2 for Various Values of L 

L 
k2 0.5 1.0 3.0 5.0 6.0 7.0 8.0 9.0 10.0 12.5 15.0 

0 . 5  
1 . 0  
1 . 5  
2 .0  
2 .5  
3 . 0  
3 . 5  
4.0 
4 . 5  
5 .0  
5 . 5  
6 . 0  
6 . 5  
7.0 
7 . 5  
8 .0  
8 . 5  
9 . 0  
9 . 5  

10.0 
10.5 
11.0 

0.9971 
0,9942 
0.9914 
0.9885 
0.9857 
0.9829 
0.9801 
0.9773 
0.9745 
0,9717 
0.9690 
0.9662 
0.9635 
0.9607 
0.9580 
0.9553 
0,9526 
0.9499 
0.9473 
0.9446 
0.9419 
0.9393 

0.9902 
0.9807 
0.9712 
0.9619 
0.9527 
0,9436 
0.9347 
0.9258 
0.9171 
0.9085 
0.9000 
0.8916 
0.8833 
0.8751 
0.8670 
0.8591 
0.8512 
0.8435 
0.8358 
0.8283 
0.8208 
0.8135 

0.9486 
0.9008 
0.8564 
0.8150 
0.7765 
0.7406 
0.7072 
0.6761 
0,6471 
0.6201 
0.5948 
0.5713 
0.5493 
0.5288 
0.5096 
0.4916 
0,4748 
0.4590 
0,4443 
0.4305 
0.4175 
0,4053 

0.9025 
0.8181 
0.7450 
0.6814 
0.6261 
0.5778 
0.5354 
0,4983 
0.4656 
0.4366 
0.4110 
0.3882 
0.3678 
0.3496 
0.3332 
0.3183 
0.3049 
0.2927 
0.2816 
0.2714 
0.2620 
0.2534 

0.8800 
0.7799 
0.6962 
0,6258 
0,5664 
0.5161 
0.4732 
0.4364 
0.4047 
0.3773 
0.3534 
0,3324 
0,3139 
0.2976 
0.2830 
0.2699 
0.2581 
0.2474 
0.2377 
0.2289 
0.2208 
0.2134 

0.8580 
0.7440 
0.6519 
0,5770 
0.5156 
0.4648 
0.4226 
0.3872 
0.3572 
0.3315 
0.3095 
0.2904 
0.2736 
0.2589 
0.2458 
0.2342 
0,2237 
0.2143 
0.2057 
0.1979 
C .  1908 
0.1842 

0.8368 
0.7105 
0.6119 
0.5341 
0.4721 
0.4220 
0.3811 
0.3474 
0.3192 
0.2954 
0.2751 
0.2576 
0.2424 
0.2290 
0.2172 
0.2067 
0.1973 
0.1889 
0.1812 
0.1743 
0.1679 
0.1621 

0.8163 
0.6793 
0.5758 
0.4964 
0.4347 
0.3859 
0.3467 
0.3148 
0.2884 
0.2663 
0.2475 
0.2314 
0.2175 
0.2053 
0.1946 
0.1851 
0.1765 
0.1689 
0.1619 
0.1557 
0.1499 
0.1447 

0.7965 
0.6501 
0,5430 
0.4631 
0.4023 
0.3551 
0,3177 
0.2876 
0.2629 
0.2423 
0,2249 
0.2101 
0.1972 
0.1860 
0.1762 
0.1675 
0.1597 
0,1527 
0,1464 
0.1406 
0.1354 
0.1306 

0.7500 
0.5855 
0.4738 
0.3953 
0.3382 
0.2954 
0.2624 
0.2362 
0.2151 
0.1976 
0.1830 
0.1706 
0.1599 
0.1506 
0.1425 
0.1353 
0.1289 
0.1231 
0.1180 
0.1133 
0.1090 
0.1051 

0,7075 
0.5310 
0.4188 
0,3437 
0.2911 
0.2525 
0.2232 
0,2003 
0.1819 
0.1668 
0,1542 
0.1436 
0,1344 
0,1265 
0.1196 
0.1135 
0.1080 
0.1032 
0.09883 
0.09487 
0.09126 
0.08798 

l.or , , , , j1.00 
0 05 1 .o 1.5 2.0 2.5 

kz 

Figure 3. Comparison of the conventional and square-root plots 
of P-l(B) for L = 10. The  broken line is t he  common initial tan- 
gent to  the two curves. 

ing values calculated from the equation of Sharp and 
Bloomfield,5 which has been derived using the first Dan- 
iels distribution function,20 

~ ( 0 )  =-( -l+e-x)+-+--- 
3 4 7 l l  7 
x2 15L 15xL 1 5 L e - " - m e - x  

(Sharp-Bloomfield) (27) 

with 

x = ( 1 /6) k 2L (28) 
It is seen that these approximate values are very poor for 
small L,  as expected from the derivations. 

However, it  is interesting to note that for L 1 10 and k 2  
5 10, the equation of Sharp and Bloomfield gives the 
values which agree with ours within 1.0%,, and it is useful 
in this range. For DNA with molecular weights less than 
about 2 x 106 and also other typical stiff chains, the 
values of P(0)  for smaller L are required. Therefore, our 
values of P(0)  as a function of k2 (511) for various values 
of L (515) are given in Table I. The values for other 
values of k2  and L may easily be obtained by interpola- 
tion. 

5 6 7 8 
log M 

Figure 4. Double logarithmic plots of (Sz) against M for DNA.24 
The curve represents the theoretical values with A - '  = 1150 A 
and M L  = 200 daltons/A. 

111. Determination of M L  and X 

Before considering the problem of determining the shift 
factor ML and the Kuhn segment length X - l ,  we make 
some comments on the determination of M and (S2 ) .  It is 
clear that the first coefficient of the expansion of P(0)  in 
powers of sin2 (0/2) is proportional to (SZ), the constant of 
proportionality being independent of L. In the case of 
flexible chains ( L  = a), (S2) may be determined from the 
initial slope of either the conventional Zimm plotz1 of 
(Kc/R#),=o against sin2 (0/2) or the Berry plotz2 of (Kc/ 
 RH)^ 2 c = ~  against sin2 (0/2),  where RO is the excess Ray- 
leigh ratio, K is the scattering constant, and c is the con- 
centration in conventional units. However, it is known 
that the latter plot gives more accurate estimates of (S2), 
especially when there are no data a t  small angles. From 
the values of P(0)  calculated from eq 27 (for L L 10) and 
also given in Table I, we have found that P - l ( 0 )  is linear 
in k2 in the range of P - l ( 0 )  5 1.1, while P-I 2(0)  is linear 
in the range of P - l ( 0 )  5 1.5 irrespective of the values of 
L.  For illustration, the two plots for L = 10 are shown in 
Figure 3. The broken line indicates the common initial 
tangent to the two curves. Thus, the Berry plot is useful 
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I / / b A  

1 
h 

Y 
a, 

a 

0 1 2 3 4 
k' 

Figure 5 .  P-'(O) plotted against k 2  for the eight samples of 
DNA,24 assuming A - '  = 1150 A. The curves are best theoretical 
fits to the data, and the attached numbers indicate the values of 
L.  

for the determination of ( S 2 )  also in the case of stiff 
chains, provided that data are available in the range of 
P I ( @ )  6 1.5 together with the reliable intercept of the 
plot. The intercept, which gives the molecular weight M ,  
may be determined from the square-root plot of ( K c /  
R H ) H = O  against c. Then the determination of P(6') is 
straightforward. 

Now we consider our problem. For convenience, let f ( L )  
and ( S 2 )  be the reduced and unreduced (observed) mean- 
square radii, respectively, the former being given by the 
right-hand side of eq 26. Since f (L)  = h2(S2), and L is 
given by 

L = h M / M L  (29) 

we have the relations 

log f ( L )  = 61 +log ( S 2 )  (30) 

log L = 6, + log M (31) 

with 
= 2logh 

82 = lag ( A /  M L )  (33) 

Equations 30 and 31 suggest that the curve of log f ( L )  
plotted against log L rnay be displaced by 61 in the ordi- 
nate direction and by 22 in the abscissa direction to fit ex- 
perimental plots of log (S2)  against log M on the same 
scale. With these displacements, M L  and X may be deter- 
mined from eq 32 and 33. However, this procedure leads 
to only rough estimates of them, and the more precise de- 
termination may be achieved using angular data for P(0)  
in addition to  data for (S2) .  

If we assign some value to A ,  we can plot observed 
values of P-l(O) against k2, since 

k =  ( 4 r l X X ' )  sin(O/2) (34) 

with A'  the unreduced wavelength in the medium. Thus, 
we may use the value of X obtained from the above loga- 
rithmic plot of ( S 2 )  against M and determine L in such a 
way that the theoretical curve of P-l(6') plotted against k 2  
for that  L is a best fit to the experimental plot. With 
these values of X and L, we may determine M L  from eq 
29. If values of M L  thus determined for all samples do not 

Table II 
Values of M L  Determined from the Plots of 

P-l(e) against k z  for DNA" 

M x 10-6 M L  (daltons/W) 

87.4 
15 .4  
11 .7  
5.85 
4.46 
3 .61  
1 .93  
0.650 

203-263 
181-252 
203-281 
183-250 
149-2 14 
181-241 
193-228 
161-280 

AV 182-241 

Q Data obtained by Kirste.24 

Table 111 
Estimates of M I .  and A-1  for DNA 

Method M L  (daltons/% x-1 (A, 
LS 200 i. 20 1150 + 150 
[?1  - s' 195 1130 

See ref 1. 

agree, we take the average. If it is different from the value 
of M L  determined by the first procedure (eq 30-331, we 
reestimate X and M L  by the first procedure and repeat the 
analysis until the coincidence is attained. 

Although Peterlin2 and Geiduschek and HoltzerZ3 have 
used plots of P- l (S )  against k 2 ( S 2 )  and log k 2 ( S 2 ) ,  respec- 
tively, these plots are insensitive to the change in X or 
M L ,  and cannot be used for our purpose. 

IV. Application to DNA 
Although M L  is known to be 195 daltons,'A for DNA. we 

apply the procedure proposed above to DNA, assuming 
that its M L  is unknown. For this purpose. we use the data 
obtained by K i r ~ t e . ~ ~  We have first reestimated M ,  (S2) ,  
and P(6') from his raw data according to the proposed pro- 
cedure with the use of the value of 0.168 (ml/g) for the 
specific refractive index increment. The values of M are 
close to his original values. 

Figure 4 shows double logarithmic plots of (S2)  (in .A2) 
against M The possible value of X - l  determined from eq 
32 is 1000-1300 A, and the corresponding value of M L  de- 
termined from eq 33 is 170-220 daltons/A. Values of 
P-l(O) (12" 5 6' 5 60") for the eight samples differing in 
M are plotted against k Z  for k1 = 1150 A in Figure 5 ,  
where the curves represent the theoretical values and the 
numbers attached to them indicate the values of L Each 
of these curves is a best fit to the data. The data a t  high 
angles are seen to deviate from the curves. This is proba- 
bly due to the polydispersity of the samples. The possible 
range of X - l  above leads to some ranges of the values of I ,  
and therefore M L  determined from the plots of Figure 5 .  
The ranges of M L  thus determined are given in Table I1 
together with the average range. From a comparison of 
this range of M L  and that determined above from eq 33, 
we may conclude that M L  = 200 =k 20 daltons/A. Thus 
the curve in Figure 4 represents the theoretical values 
with A - l  = 1150 A and M L  = 200 daltons,'A. In Table 111, 
these estimates of M L  and A - l  are compared with those 
obtained previously1 from a combination of viscosity and 
sedimentation ([q] - s) .  There is seen to be good agree- 
ment between them. 

In conclusion, it must be noted that M L  and A - l  can be 
determined from the combination of viscosity and sedi- 
mentation data more accurately than from light-scattering 
data. In order to obtain the more precise estimates from 
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the latter, a study of the effect of polydispersity is re- 
quired. 
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Polyelectrolytes in Salt Solutions. Quantitative Separation of 
Binding and Electrostatic Effects for Poly(L-ornithine) and 
Poly(L-lysine) 
G .  Conio, E. Patrone, G .  Rialdi, and A. Ciferri* 
Istituto di Chimica Industriale, Uniuerszty of Genoa, Genoa, Italy. ReceiuedJanuary 29, 2974 

ABSTRACT: Potentiometric titrations for poly(L-ornithine) (Orn,), calorimetric measurements for O m n  and 
poly-L-lysine (Lys,), and optical rotatory dispersion da ta  for Orn, and Lysn are presented. Measurements were 
performed in the presence of variable quantities (up  to 2 M )  of KSCN and KCI. In agreement with previous find- 
ings, KSCK causes stabilization of the helical conformation for Lys,, even when the polymer is fully ionized ( p H  
3). Xegligible helix formation is instead observed for Om,. KC1 is unable to  induce helix formation for both Lysn 
and Om, (pH 3 ) .  These results have been quantitatively interpreted in terms of an  extension of existing formal- 
isms of the electrostatic free energy of polyions in salt solutions. The modification introduced accounts for a re- 
duction of the fixed charge on the polymer caused by a binding reaction between charged f-amino residues and 
SCN-  ions. The  binding reaction is formulated in terms of multiple equilibria theory. Classical effects of the 
ionic strength on the slopes of p K a p p  us. 2 plots and  on intrinsic equilibrium constants were retained. The  satis- 
factory agreement between experimental da t a  and theoretical predictions strongly supports the validity of the 
model based on the simultaneous occurrence of specific (binding) and nonspecific (electrostatic) interactions for 
polar solutes in salt  solutions. 

Salts affect the conformational properties of polyelec- 
trolytes by contributing to the charge-dependent and to 
the charge-independent part of the free energy. When the 
charge density of the polymer is high, a prevailing contri- 
bution of the electrostatic free energy is expected. If the 
surface potential of the macroion can be estimated, salt 
effects may be predicted according to different models. 

Simple electrostatic effects, i.e., charge screening ac- 
cording to the Debye-Huckel concept, have been theoreti- 
cally described for a variety of macroion mode1s.l The 
concept of ion condensation2.3 has been recently intro- 
duced in a model for the conformational transition of rod- 
like polyelectrolytes possessing high charge d e n ~ i t y . ~  Ac- 
cording to this theory, some counterions must “condense” 
on the surface of the rod when the charge density reaches 
a critical value, specifically during the random coil - 
helix transition. 

On the other hand, it has been shown that salts may 
affect conformational stability by interactions which are 
not readily interpreted in terms of charge screening, or ion 
condensation  effect^.^ For instance, Puett et al.6-S have 
reported that a conformational transition from coil to 
helix is observed for fully charged poly(L-lysine) when 
KSChT is added to the solution (the transition was not in- 
duced in the presence of comparable amounts of KC1). 

Further work9 has shown that the role of ion type is evi- 
dent for every value of the degree of ionization. This re- 
sult parallels the observed deviations (from the traditional 
model) of the colligative properties of acidic polyelectro- 
lytes in the presence of certain divalent cations.2 These 
effects cannot be rationalized by purely electrostatic mod- 
els and require consideration of other specific properties of 
the counterions. 

The ion binding concept has been often advocated in 
order to describe specific properties of ions.5 Ion binding 
effects should occur simultaneously with screening effects 
associated with “free” ( i . e . ,  unbound) coions and counter- 
ions. We have often stressedl0.ll that the ability which 
some ions ( i e . ,  SCN-,  Li+, etc.) have to bind to polar 
substrates ( i . e . ,  peptide bonds) should also be manifested 
with polyelectrolytic solutes. However, quantitative verifi- 
cations of the validity of the ion binding mechanism for 
altering the conformational stability of polyelectrolytes 
(when multiple equilibria effects cannot be neglected) 
have not been forthcoming. 

In the present paper, we attempt to describe quantita- 
tively the titration and the calorimetric behavior of poly- 
(L-ornithine) and poly(L-lysine), and the KSCN-induced 
transition for the latter, in terms of binding and screening 
effects. 


